In this paper, we mainly give the Lie algebras E, F and H of three kinds and their commutator, respectively. Next, we establish three isospectral problems with the help of their corresponding loop algebras E, F, and H. Based on on the Tu scheme, coupling integrable couplings of three kinds for the generalized coupled Burgers equation hierarchy are obtained. Finally, we obtain the Hamiltonian structure of one of the coupling integrable couplings of the generalized coupled Burgers equation hierarchy by using the quadratic-form identity.
Introduction
The development of soliton theory has undergone a rapid development in the 1960s. Integrable couplings are a new important and interesting topic in the field of soliton theory [1] [2] [3] . A lot of integrable nonlinear evolution equations, such as the Schroedinger equation and the KdV equation, were discussed. The notion of integrable couplings was first introduced by Virasoro [4, 5] . Integrable couplings are coupled systems of integrable equations which contain given integrable equations as their sub-systems [6] . Integrable couplings have much richer mathematical structures than scalar integrable equations . Recently, Inc, Yusuf, Aliyu and Baleanu discussed a Lie symmetry analysis and conservation laws for the time fractional simplified modified Kawahara equation, the generalized shallow water wave equation, the time fractional dispersive long-wave equation and the time fractional generalized Burgers-Huxley equation. They also studied a time fractional thirdorder variant Boussinesq system and gave a symmetry analysis, explicit solutions, conservation laws and numerical approximations [32] [33] [34] [35] [36] [37] . So it is important to study integrable couplings in soliton theory. Zhang even proposed an efficient method for constructing nonlinear evolution equations and their resulting Hamiltonian structure. Ma called it the Tu scheme. Hence, Hu developed the trace identity, and got an efficient method to work out the soliton equations and the Hamiltonian structure. In [38] Zhang gave three kinds of coupling integrable couplings of the KdV hierarchy of evolution equations. The three Lie algebras E, F and H in [38] can be used to obtain the other coupling integrable couplings of the soliton equations. In this paper, we introduce three higher-dimensional Lie algebras and their corresponding loop algebras E, F, and H, and consider three Lax pairs for the zero curvature equation
(1.1)
With the help of the loop algebras, we obtain three kinds of coupling integrable couplings of the generalized coupled Burgers equation hierarchy. And the one coupling integrable coupling of the generalized coupled Burgers equation hierarchy has a Hamiltonian structure obtained by employing the quadratic-form identity [39] .
Three higher-dimensional Lie algebras
Let E = span{e 1 , e 2 , e 3 , e 4 , e 5 , e 6 , e 7 }.
It is easy to see that E is a Lie algebra equipped with the commutator (2.1). Denote
and F is a Lie algebra equipped with the commutator (2.2).
The Lie algebras E and F are all expanding Lie algebra of the well-known Lie algebra
which along with the commutator leads to 
along with the commutator 
The stationary zero equation
Simple computation results in
Hence the zero curvature equation
gives rise to the Lax integrable hierarchy
When we take s 1 = s 2 = 0, (3.5) can be reduced to an integrable coupling of the generalized coupled Burgers equation hierarchy,
And (3.4) can be reduced to another generalized coupled Burgers equation hierarchy by taking u 1 = u 2 = 0,
So we call (3.5) the first kind of coupling integrable couplings of the generalized coupled Burgers equation hierarchy. When we set
Hence, when we take n = 2 in Eq. (3.5), we obtain the first kind of the coupling integrable couplings of the generalized coupled Burgers equation, that is, We have the loop algebra of the Lie algebra F:
of which the resulting commutators are defined the same as (2.2). By using the loop algebra F, we introduce an isospectral Lax pair for zero curvature equation as follows:
The stationary zero curvature
is presented by the recurrence relations as follows:
V 4,mx = -2V 7,m+1 -2qV 7m + 2s 1 V 2m + 2rV 6m , V 5,mx = -2V 9,m+1 -2qV 9m + 2s 2 V 2m + 2rV 8m , V 6,mx = 2V 7m -2s 1 V 1m + 2u 1 V 3m -2rV 4m , V 7,mx = -2V 4,m+1 -2qV 4m + +2u 1 V 2m + 2V 6m , V 8,mx = 2V 9m -2s 2 V 1m + 2u 2 V 3m -2rV 5m , V 9,mx = -2V 5,m+1 -2qV 5m + 2u 2 V 2m + 2V 8m .
(3.12)
Noting that
we obtain by a direct calculation
The zero curvature equation 
which can be regarded as a composition of two integrable coupling of the generalized coupled Burgers equation hierarchy as follows: Hence, when we take n = 2 in (3.14), we get the second kind of the coupling integrable couplings of the generalized coupled Burgers equation as follows: When take u 1 = u 2 = s 1 = s 2 = 0, r = -1, β = -2 in (3.17), we can also get the same as (3.10).
(
III) The third kind of coupling integrable couplings of the generalized coupled Burgers equation hierarchy.
By using the loop algebra of Lie algebra H as follows: 
we get the third type of coupling integrable couplings of the generalized coupled Burgers equation hierarchy. A Lax pair for zero curvature equation is given as follows:
A solution to the stationary zero curvature equation
is presented now:
V 3,mx = -2V 1,m+1 -2qV 1m + 2V 2m , V 4,mx = -2V 6,m+1 -2qV 6m + 2rV 5m + 2u 2 V 2m ,
V 6,mx = -2V 4,m+1 -2qV 4m + 2V 5m + 2u 1 V 2m , V 7,mx = -2V 9,m+1 -2qV 9m + 2rV 8m + 2s 2 V 2m + 2s 2 V 8m ,
Thus, the zero curvature equation
admits the Lax integrable hierarchy
When we take s 1 = s 2 = 0 and u 1 = u 2 = 0 in (3.21), respectively, we get two integrable coupling of the generalized coupled Burgers equation hierarchy
So we call (3.21) the third type of coupling integrable couplings of the generalized coupled Burgers equation hierarchy.
And when we take n = 2 in (3.21), we get the third hind of the coupling integrable couplings of the generalized coupled Burgers equation, that is, Similarly when take u 1 = u 2 = s 1 = s 2 = 0, n = 2, α = -2 in (3.24), we can obtain (3.10).
Hamiltonian structure of coupling integrable couplings of the generalized coupled Burgers equation hierarchy
In this section we shall deduce the Hamiltonian forms of the coupling integrable couplings (3.21) by using the quadratic-form [39] . The commutator (2.4) can be written as
where 
2)
The constant symmetric matrix F satisfying the matrix equation
shows that 
In the linear space R 9 , define a functional,
The Lax pair U and V in (3.18) can be written as 6) where V i = m≥0 V im λ -m , i = 1, 2, . . . , 9. With the help of (4.2), we have
substituting the above into the quadratic-form identity yields
where
Comparing the coefficients of λ -n-2 on both sides of (4.7), we get
(4.8)
Taking n = 0 in (4.8), we obtain γ = 0. So we get
So (3.21) can be written as a Hamiltonian form and J is a Hamiltonian operator. We can obtain a recursive operator from (3.19), 
